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MODEL OF A N  ELFCTRIC ARC BALANCED 
MAGNETICALLY I N  A GAS FJ,OW: 
Arnold M .  Kuethe, Robert  L. Harvey, 
and Leland M. N i c o l a i  
The U n i v e r s i t y  of Michigan 
Ann Arbor,  Michigan 
A p e r s i s t e n t  q u e s t i o n  re1 .a t ive  t o  a convec ted  or ba lanced  a r c  has  been  
t h a t  of de t e rmin ing  whether  t h e  a r c  s i m u h t e s  a solid c y l i n d e r  or whether  
the phenomenon i.s a "flcw.-t ,hrough" p rocess .  
mode;. of t ,he a r c  i s  developed on t h e  b a s i s  of  photographs which show t h a t  
t h e  a r c  v.Lj.fit, s imul .a te  a s o l i d  body. 
I n  t h i s  paper  a f l . u i d  mechanica: 
1 The e x p e r i m e n t a l  d a t a  were ob ta ined  on t h e  equipment developed by Bond, 
and on which he showed f o r  t h e  fir :- : t  time t h a t  a n  a r c  cou1.d be  ba l anced  mag- 
netica: . l~y i n  a h igh  speed a i r s t , ream and t h a t  t h e  a r c  i s  s t a b l e  i n  a supe r -  
s o n i c  f.i.ow if it can  assume a c h a r a c t e r i s t i c  s l a n t  ang le  n e a r  t h e  Mach ang1.e 
of t h e  i n c i d e n t  flow.'J5 Other  s i g n i f i c a n t  p r o p e r t i e s  of t h e  ba l anced  a r c  
a r e  a ~ l s o  g j~ven  j.n t h e s e  r e f e r e n c e s .  Figure 1 demonst ra tes  t h e  r e l a t i v e  
o r i e n t a t i o n  of t h e  v e l o c i t y ,  magnet ic ,  and e l e c t r i c  f i e l d s  for t h e  ba l anced  
a r c .  The i n t e n s i t y  of t he  e x t c r n a l  magnet ic  f i e l d  was around 20 t imes  t h a t  
s f  the  . . : e? f , -P ie id .  
u 
I n  t h e  f o l i o w i n g  s e c t i o n s  ev idence  i s  g iven  t h a t , ,  w i t h  some q u a l i f i c a t i o n s ,  
(1.) t h e  ba lanced  a r c  can  be  t r e a t e d  a s  a s t e a d y  phenomenon, ( 2 )  t h e  dynamics 
of  t,he a r c  pi.asma i n  a uniform magnet ic  f i e l d  can  be  t r e a t e d  by t h e  e q u a t i o n s  
o f  contintiurn f l u i d  mechanics,  ( 3 )  t h e  a r c  s i m u l a t e s  approximate ly  a n  i n f i n i t e  
s o l i d  cy:.inder of m i f o r m  c r o s s  sec t , i on ,  ( 4 )  t h e  i n t e r n a l  f low and a boundary 
l a y e r  flow :can be t r e a t e d  s e p a r a t e l y .  The d imens ion le s s  parameters ,  t h e  govern-, 
ing e q u a t i o n s  and t h e  boundary c o n d i t i o n s  a r e  d i s c u s s e d  and t h e  e q u a t i o n s  
sirnpi. if .~ied f o r  t h e  i n n e r  and o u t e r  f l ows .  
2 .  ARC AS A STEADY PHENOMENCN 
High speed motion p i c t u r e s  by Bond' showed f o r  t h e  f i r s t  time t h a t  a n  a r c  
-an be  ba lanced  m a g n e t i c a l l y  a s  w e l l  a s  s t a b i l i z e d  i n  a h i g h  speed  c r o s s  f l o w .  
+ 
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The a r c  wa,s bal.anced magnetical .1y between r a i l s  p a r a l l e l  t o  a s u p e r s o n i c  f low; 
t h e  photographs showed t h e  a r c  t o  he remarkably s t e a d y  if t h e  s t reamwise  l o c a -  
s l a n t  a n g ~ l c .  The s l a n t  an@? wa.s found t o  be  n e a r  t h e  Mach ang le ,  which i s  
a l s o  thc ?tn@e f a r  maximum degree of i o n i z a t i o n  w i t h i n  t h e  a r c .  
d. t i o n  of t h e  f o r c e  ba l ance  ( F i g .  l )  permi t t ed  t h e  a r c  t o  assume a c h a r a c t e r i s t i c  
3 .  THE ARC AS AN IMPERVIOUS BODY 
An a x i a l  f low a l ~ o n g  t h e  a r c ,  which i s  a s u f f i c i e n t  c o n d i t i o n  t h a t  t h e  ex-  
t e r i o r  s t r eam f low around r a t h e r  t h a n  th rough  t h e  a r c ,  was observed  by t h e  
f i . r s t  two a u t h o r s .  High speed motion p i c t u r e s  ta ,ken i n  t h e  s e t u p  d e s c r i b e d  
i n  r e fe rence  1 show s m a l l  masses of v a p o r i z i n g  copper moving a l o n g  t h e  a r c  from 
anode t o  ca thode;  one such sequence i s  shown i.n F i g .  2 .  
fi 
The v a p o r i z i n g  p a r t i c l e  moves a l o n g  t h e  a r c  a t  about  35 f t / s e c ,  whi1.e t h e  
speed of t h e  f r e e  s t r e a m  i s  a b c u t  1800 f t / s e c .  
a s o l i d  c y l i n d e r  l i e s  i n  t h e  f a c t  t h a t  i f  t h e  f low were through,  r a t h e r  t h a n  
around,  t h e  a r c  t h e  v a p o r i z i n g  p a r t i c l e  would be swept downstream l o n g  b e f o r e  
it could  r e a c h  t h e  ca thode .  
The proof t h a t  t h e  a r c  s i m u l a t e s  
The measured speed of t h e  p a r t i c l e  a l o n g  t h e  a r c  i s  a lower  bound o f  t h e  
d a x i a l  f low because  of t h e  weight  of t h e  v a p o r i z i n g  p a r t i c l e s  b e i n g  photographed;  
t h e  cathode is above t h e  anode s o  t h e  g r a v i t a t i o n a l  f o r c e  r e t a r d s  t h e  upward 
motion o f  t h e  p a r t i c l e s .  I n  one run  a par t ic1 .e  a c t u a 1 . l ~  remains s t a t i o n a r y  
w i t h i n  t h e  a r c  f o r  s e v e r a l  f rames ind ica . t i ng  t h a t  i t s  weight  was e q u a l  t o  t h e  
d r a g  exe.r ted on it by t h e  a x i a l  Cl.ow. Experiments  u t i l . i z i n g  i n j e c t e d  g a s e s  
, ins tead  of  s o l i d  p a r t i c l e s  a r e  under p r e p a r a t i o n .  
The t r a c e r  s t u d i e s  were made i n  t h e  s l a n t e d  a r c  a t  Mach numbers 2 ~ 5  and 
3"5. 
f i rmed t h e  sol . id  c y l i n d e r  s i m u l a t i o n  f o r  a ba l anced  a r c  i n  a subson ic  f r e e  j e t .  
Roman5 has  s i n c e ,  on t h e  b a s i s  of photographs and f low measurements con- 
4. GENERAL EQ,UATIONS 
In what fol.lows t h e  a r c  i s  approximated by a c y l i n d e r  of' c o n s t a n t  c r o s s -  
s e c t i o n  s o  t h a t  t h e  f low,  both  i n t e r n a l  and e x t e r n a l ,  may h e  t r e a t e d  a s  two.. 
dimensional.  r e l . a t l v e  t o  c o o r d i n a t e s  i n  t h e  p l ane  normal t o  t h e  a x i s  of t h e  a r c .  
The a p p r o x i m t i o n  w i l l  be f a r  from r e a l . i t y  nea r  t h e  r o o t s  b u t  it i s  expec ted  
t o  g ive  s a , t i s f a c t o r y  r e s u l t s  a t  s t a t i o n s  midway 'between t h e  a r c  r o o t s ,  pa.r- 
t i cu l a r1 .y  I.f t h e  r a t i o  of t h e  a r e  l .ength t o  t h e  major  dimension is l a r g e .  
2 
4 
E s t i m a t e s  ( s e e  s e c t i o n  5) i n d i c a t e  t h a t  t h e  average a r c  t e m p e r a t u r e s  o v e r  
t h e  range of o p e r a t i n g  c o n d i t i o n s  i n  a i r  a r e  around 7000°K. We may t h e r e f o r e  
t r e a t  t h e  a r c  plasma a s  weakly i o n i z e d .  Also, r a d i a t i o n  e f f e c t s  a r e  n e g l e c t e d  
and we approximate t h e  c o n s e r v a t i o n  e q u a t i o n s  b y  t h o s e  f o r  a p e r f e c t  g a s :  
+ 
p, V, P, v, k, T ,  rn a r e ,  r e s p e c t i v e l y ,  t h e  f l u i d  d e n s i t y ,  v e l o c i t y ,  p r e s s u r e ,  
v i s c o s i t y ,  h e a t  conduct ion,  t e m p e r a t u r e ,  and r a t e  o f  v i s c o u s  d i s s i p a t i o n ;  J 
i s  the  c u r r e n t  d e n s i t y ,  B t h e  magnet ic  i n d u c t i o n ,  E t h e  e l e c t r i c  f i e l d ,  E t h e  
source  s t r e n g t h  ( m a s s  drawn p e r  second from t h e  a x i a l  f low t o  make up f o r  t h e  
r a t e  of t r a n s f e r  t o  t h e  f r e e  s t r e a m  a t  t h e  boundary) .  
-t 
+ 3 
Since  t h e  e x t e r n a l  magnet ic  f i e l d  i s  around 20 times t h a t  o f  t h e  s e l f -  
f i e l d  t h e  magnet ic  i n d u c t i o n  5 i s  t a k e n  a s  c o n s t a n t  and e q u a l  t o  t h a t  f o r  t h e  
e x t e r n a l  f i e l d .  The plasma v e l o c i t y  w i l l  be  smal l  and i f  we n e g l e c t  H a l l  c u r -  
r e n t s ,  
3 J = OE i = J(T), 
+i 
E.J = E 3  
(4) 
* + 
Y' I n  t ,he+experimentsl  s e t u p  used, t h e  a i r f l o w  i s  i n  the+ x d i r e c t i o n ,  B = Be 
where e i s  t h e  u n i t  v e c t o r  i n  t h e  y d i r e c t i o n ,  and J = Je,. Then 
Y 
+ +  3 
J X B  = -JB e x  (5) 
I n  succeeding  s e c t i o n s  t h e s e  e q u a t i o n s  w i l l  be  p a r t i c u l a r i z e d  f o r  t h e  i n t e r n a l  
and e x t e r n a l  f l o w s .  
5 
5 "  SENERAL PROPERTIES OF INTERNAL FLOW 
Egua.t.ioni; (l)-( 3 )  d e s c r i b e  a c i r c u l a t i o n  g e n e r a t e d  b y  a x1ariabl.e Lorentz  
f o r c e  .-JBex a c t i n g  upstream on an element  of plasma w i t h i n  t h e  ba lanced  a r c ;  
t h e  phenomenon i s  c o n c e p t u a l l y  analogous t o  t h e  g e n e r a t i o n  of c o n v e c t i o n  c u r -  
r e n t s  by g r a v i t y  f o r c e s  a c t i n g  on a gas w i t h i n  a h o r i z o n t a l  c y l i n d r i c a l  t u b e  
which i s  h e a t e d  over  t h e  c e n t r a l  r e g i o n .  The e l e c t r i c  current ,  dens i t .y  w i t h i n  
t h e  a r c  i s  i n  general .  a maximum a t  t h e  c e n t e r ;  t h e n  a n  element. w i t h  c,Jr.rent 
d e n s i t y  g r e a t e r  t h a n  t h a t  r e q u i r e d  by the  ba lance  between Lorentz  and p r e s s u r e  
f o r c e  w i l l  be a c c e l e r a t e d  toward t h e  tipstream boundary.  Scherraric s t r e a m l i n e s  
a r e  s h o w  i n  F i g .  3~ We show i n  s e c t i o n  6 t h a t  E J ,  t h e  j o u l e  h e a t i n g  term i n  
Eq.  (2)> i s  much l a r g e r  t h a n  t h e  d i f f u s i o n  term i n  t h e  i n t e r i o r  of the  a r c  s o  
t h a t  t h e  tempera ture  of t h e  el.ement and,  t h e r e f o r e ,  t h e  e l e c t , r i c  w r r e n t  den- 
s j t y  i n c r e a s e  while  t h e  e lement  moves toward t h e  upstream bo::ndary; i n  t,he 
v i c i n i t y  of t h e  a r c  boundary t h e  p r e s s u r e  g r a d i e n t  g e n e r a t e d  in t h e  e x t e r n a l .  
f l ow d e f l e c t s  t h e  e lement  i n  t h e  stzeamwi.se d i r e r t i o n  a l o n g  t h e  boundary.  
A t  some p o i n t  n e a r  t h e  boundary t h e  d i f f u s i o n  t,erm i n  E q .  ( 2 )  w i l l  dominate 
and t h e  e lements  i n  t h e  v i c i n i t y  w i l l  s i l f f e r  a d e c r e a s e  i n  t e m p e r a t u r e ,  den- 
s i t y ,  and Lorentz  f o r c e .  They w i : L l  a.ccording1.y 'be a c c e l e r a t e d  s u f f i c i e n t l y  
by t h e  p r e s s u r e  g r a d i e n t  s o  t h e y  e n t e r  t h e  wa.ke and a r e  swept downstream. 
-f 
The s t r e a m l i n e s  shown in F i g .  5 a r e  s c h e m a t i c a l l y  t h e  p r o , j e c t i c n s  o f  t h e  
p a t h s  o f  f l . u i d  e lements  on t h e  a r c  c r o s s  s e c t i o n .  The r a t e  of mas,? z r a n s f e r  
t o  t h e  e x t , e r n a l  f l o w  a t  a g i v e n  s t a t i o n  al.ong t h e  a r c  i s ,  under  s t e a d y  con- 
d . i t ions ,  equal  t o  t h e  source  s t r e n g t b  a t  t h a t  s t a t i o n  (see E g .  (3)). If i s  
c l e a r  that .  t.he mass l o s t  a t  t h e  boundary must be  o n l y  a s m a l l  p a r t  03: t h e  
a x i a l  mass flow; otherwi-se t h e r e  would be s e r i o u s  d e p a r t u r e s  from e f f e c t i v e  
two-dimens iona l i ty  of t h e  i n t e r n a l  flow. 
As a r e s u l t  of t h e  in te rna l .  c i r c u l a t i o n ,  t h e  plasma p r o p e r t i e s  w i l l  t e n d  
toward un. i formity over  t h e  c r o s s - s e c t i o n .  it fol.!~ow>> t , h a t  t h e  more i n t e n s e  the 
c i r c u l a t i o n  t h e  g r e a t e r  w i l l  be t h e  tendency toward uniformi. ty  o-veer a core  and,  
hen,:e, toward t h e  f c r m a t i o n  o f  a "boundary l .ayer" a t  t h e  a r c  boi;.ndar:y wit ,hin 
which 1.a.rge g r a d i e n t s  i n  momentum, tempera ture  and d e n s i t y  e x i s t .  
The a r c  boundary w i l l  be determined S y  the  c o n d i t i o n  t,hat. a t  eech  p o i ~ n t  
%he f l u i d  p r e s s u r e  o u t s i d e  must equal. t,he magnet ic  p r e s s u r e  i n s i d e  ( . the f l u i d  
pressiire i n s i d e  may be n e g l e c t e d  because of  the low d e n s i t y  and r e l ~ a t i v e l y  ].ow 
i n t e r n a l  v e l o c 9 t i e s ) .  
i n c i d e n t  v e l o c i t y ,  d e n s i t y ,  and p r e s s u r e  ~ on t h e  e l e r t r i c  c u r r e n t .  and a r r e n t  
d e n s i t y ,  on t h e  e x t e r n a l  and s e l f  magnet ic  f i e l d s ,  on flow i n t e r f e r e n c e  caused 
by o t h e r  b o d i e s  i n  t h e  f low,  s t ream b o u n d a r i e s ,  e t c .  
The 'boundary shape t h u s  determined w i l l  depend 3n t h e  
The above flow can be  e x p r e s s e d  i n  term.; of t h e  c o n s e r v a t i o n  e q u a t i o n s  i n  
forms ana.l.o&oris t o  t h o s e  lised to d e s c r i b e  h e a t  c o n v e c t i o n .  The fol!.owing non- 
d imens iona l  parameters  a r e  d e f i n e d :  
4 
A f t e r  r e p l a c i n g  p and ii by t h e i r  average v a l u e s ,  5 and G, Fqs .  ( 1 ) - ( 7 )  w l t h  ( 4 )  
and ( 5 )  become 
where d i s  a c h a , r a c t e r i s t i c  lengt ,h  and U1,> TI) and Jl, a r e ,  r e s p e c t i v e l y ,  c h a r -  
a c t e r i s t i c  v e l o c i t y ,  temperat,ureg and c u r r e n t  d e n s i t y .  
I n  a d d i t i o n  t o  t h e  Reynolds, P r a n d t l ,  and E c k e r t  nknbers ,  r e s p e c t i v e l y  
Rel,  P r l ,  and K1, t h e  foll .owing parameters  a r e  s i g n i f i c a n t  in d e t e r m i n i n g  t h e  
p h y s i c a l  a s p e c t s  of t h e  i n t e r n a l  f l o w .  
The r o l e  o f  t h e  modif ied Grashof number Gr, i n  d e t e r m i n i n g  t h e  i n t e n s i T y  
of t h e  c i r c u l a t i o n  w i t h i n  the a r c  i s  rGughiy analogous t o  t h a t  ci' t h e  ccnT?en,- 
t i o n a l  Grashof number G r  = &AGd5/j.' ( p  is t.he r x p n s i o n  c o e f f i c i e n t  of t h e  
f l . u i d ,  g is t h e  a c c e l e r a t i o n  oi' gravi t ,y ,  and A@ = AT/TI) i n  d e t e r m i n i n g  t h e  
i n t e n s i t , y  o i  t h e  c i r c u l a t i o n  of a gas within a h o r i z o n t a l  cyl . inder  w i t h  ncn- 
uniform tempera tvre  d i s t r i b u t i o n  over  t,he c r o s s - s e c t i o n .  We s e e  t h a t  in t h e  
modif ied Srashof  number t h e  L , o r r n t z  a c c e l e r a t i c n  ,jB/F .rep.l.aces t h e  g r a v i t a t i o n a l .  
a c c e l e r a t i o n  &@e. Reference t o  E q .  (-() shcws that ,  t,he r a t , i o  of t h e  Lorentz  
t o  *.he viscoiis f o r c e  on a r e p r e s e n t a t i v e  e!.ement is  2rm/Rei, and t h e  Lorentz  
t o  t h e  . i n e r t i a  f o r c e  i s  Cr,/Rel 
I, so t h a t  
2 2 I n  t h e  ana;.ysis given  here  we w r i t e  Jld = 
5 
A s a t i s f a c t o r y  q u a l i t a t i v e  analogy between t h e  c i r c u l a t i o n  w i t h i n  a 
ba lanced  a r c  and t h a t  i n  a h o r i z o n t a l  hea ted  c y l i n d e r  of gas i s  t o  be ex-  
pec ted ,  even though t h e  j o u l e  h e a t i n g  t e rm E J  (or S j  i n  E q .  ( 8 ) )  has no 
c o u n t e r p a r t  i n  t h e  convec t ion  problem. I n  f a c t ,  t h e  e f f e c t  of t h i s  te rm 
would be t o  i n c r e a s e  t h e  v e l o c i t y  of a plasma element  because a s  it i s  hea ted  
t h e  c u r r e n t  d e n s i t y  and t h e r e f o r e  t h e  Lorentz  f o r c e  i n c r e a s e .  
The c h a r a c t e r i s t i c  v e l o c i t y  f o r  t h e  i n t e r n a l  f l ow i s  n o t  known; we t h e r e -  
f o r e  choose t h e  c o u n t e r p a r t  of t h a t  de f ined  by Os t r ach  i n  t h e  h e a t  convec- 
t i o n  problem, t h a t  i s ,  
s o  t h a t  
Equat ion  (11) r e p r e s e n t s  an upper bound f o r  t h e  i n t e r n a l  v e l o c i t y ,  provided 
t h e  c i r c u l a t i o n  w i t h i n  t h e  a r c  does n o t  depend d i r e c t l y  on t h e  e x t e r n a l  f l ow.  
By use of Eq .  ( 1 2 ) ,  Eq. (7) may be w r i t t e n  
For h igh  Gcashof numbers E g .  (13) i s  of t h e  boundary l a y e r  t y p e ,  s i n c e  t h e  coe f -  
f i c i e n t  of t h e  h i g h e s t  o r d e r  term i s  smalll. Under t h e s e  c i rcumstances ,  t hen ,  
t h e  a r c  w i l l  c c n s i s t  of  an i n n e r  core  of r e l a t ive1 .y  uniform p r o p e r t i e s  and a 
t h i n  boundary l a y e r  w i t h i n  which t h e  p r o p e r t i e s  cha.nge th rough  h igh  g r a d i e n t s  
from t h e i r  core  va lues  t o  t h o s e  in t h e  f r e e  s t r e a m .  
Some i n d i c a t i o n  of t h e  e x t e n t  t o  which t r a n s f e r  from t h e  a r c  t o  t h e  ex-  
t e r n a l  s t r eam t a k e s  pl.ace through a t h i n  bou.ndary l a y e r  ca.n 'be ga ined  by com- 
p a r i n g  t h e  ca l cu l . a t ed  h e a t  t r a n s f e r  from a s o l i d  c y l i n d e r  a t  t h e  same mean 
tempera ture  a s  t h e  a r c  w i t h  t h e  jou1.e h e a t i n g  w i t h i n  t h e  s t e a d y  a r c .  F i g u r e  
4 i s  a p l o t  of  Q/EI v e r s u s  6 
Q i s  t h e  c a l c u l a t e d  r a t e  of h e a t  t r a n s f e r  from a sol . id  ~ y l i n d e r ~ ' ~ , ~  a t  t h e  
same t empera tu re  and w i t h  s u r f a c e  a r e a  equa l  t o  t h a , t  i n d i c a t e d  f o r  t h e  a,rc 
by two s imul taneous  photographs t a k e n  a long  l i n e s  about  90" t o  each  o t h e r ;  
E 1  is t h e  r a t e  of j o u l e  h e a t i n g  of t h e  a , rc ;  i n  Eq. (1.0) f o r  Grm,  p and 
t aken  a s  t h e  mean v a l u e s  over  t h e  a r c g  and d i s  t h e  a r c  wid th  normal t o  t h e  
.flow. The mean tempera ture  of t h e  a r c  was approximated from t h e  i n d i c a t e d  
c r o s s - s e c t i o n a l .  a r e a )  and t.he measured t o t a l .  c u r r e n t  and e l e c t r i c  f i e l d .  
t empera tu res  so ca l , cu la t ed  v a r i e d  between about  6000" and 8000'K. 
o f  Q/EI show some dependence on Mach number which may stem from i m p e r f e c t i o n  
f o r  o b s e r v a t i o n s  a t  Mach numbers 2 .5  a.nd 3.5;  
- 
a r e  
Mean 
The va lues  
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in t h e  ana logy  between t h e  s l a n t e d  a r c  and a s l a n t e d  s o l i d  c y l i n d e r  of uniform 
c r o o s - s e c t i o n  or from t h e  g e n e r a l  a p p l i c a b i l i t y  of t h e  assumption e x p r e s s e d  b y  
on t,he b a s i s  t h a t ,  a s  t h e  Grashof number i n c r e a s e s  t h e  c i r c u l a t i o n  w i t h i n  t h e  
a r c  w i l l  become more i n t e n s e  and a l s o  t h e  r a t e  a t  which h e a t  i s  t r a n s f e r r e d  t o  
t h e  s t r e a m  by mass t r a n s f e r  w i l l  i n c r e a s e .  T h e r e f o r e ,  h e a t  i s  convected t o  t h e  
boundary a t  a h i g h e r  r a t e  t h e  h i g h e r  t h e  Grashof number. The f a c t  t h a t  t h e  t r e n d  
c a r r i e s  t h e  r a t i o  f a r t h e r  from u n i t y  i s  probab1.y n o t  s i g n i f i c a n t ,  c o n s i d e r i n g  
t h e  approximate n a t u r e  o f  t h e  comparison a.nd t h e  f a c t  t h a t  t h e  d a t a  t h a t  form 
t h e  b a s i s  f o r  t h e  c a l c u l a t i o n s  apply  t o  c i r c u l a r  c y l i n d e r s  a t  t e m p e r a t u r e s  much 
lower t h a n  t h o s e  o f  t h e  a r c .  
j... E q .  (11). However, t h e  t r e n d  o f  t h e  r a t i o  w i t h  Grashof number i s  r e a s o n a b l e  
Then, c o n s i d e r i n g  t h e  approximate n a t u r e  o f  t h e  comparison, t h e  v a l u e s  
of Q/EI i s  F i g .  4 a r e  remarkably c l o s e  t o  u n i t y .  
from t.he so l . id  c y l i n d e r  t a k e s  p l a c e  through a t h i n  boundary l a y e r ,  we conclude 
t,hat h igh  tempera ture  g r a d i e n t s  m u s t  e x i s t  a t  t h e  a r c  boundary a s  we l l ,  and 
thus  t h a t  a core  of r e l a t i v e l y  uniform p r o p e r t i e s  o b t a i n s .  
T h e r e f o r e ,  s i n c e  h e a t  t r a n s f e r  
We may a l s o  r e a s o n  t h a t  b o t h  tempera ture  and v e l o c i t y  boundary l a y e r s  must 
be  t h i n  because  t h e  c o e f f i c i e n t s  o f  t h e  h i g h e s t  o r d e r  terms in E q s .  ( 7 )  and ( 8 )  
a r e  b o t h  s m a l l ;  t h e  F r a n d t l  number i s  n o t  s i g n i f i c a n t l y  d i f f e r e n t  from u n i t y  
over  t h e  ran&e of t e m p e r a t u r e s  i n v o l v e d .  9 
6 CIRCULATION W I T H I N  THE CORE 
E q u a t i o n s  ( 1 ) - ( 3 )  a p p l i e d  t o  t h e  core  f low may be  s i m p l i f i e d  if w e  may con- 
s i d e r  t h e  flow f i e l d  a s  genera ted  b y  a p e r t u r b a t i o n  on a uniform c u r r e n t  d e n s i t y .  
T h i s  s u p e r p o s i t i o n  is j u s t i f i e d  if t h e  v e l o c i t i e s  g e n e r a t e d  a r e  small and if 
t h e  f l o w  i s  incompress ib le ,  t h a t  i s ,  if the  Grashof number is h i g h  enough so 
that ,  the  p e r t u r b a t i o n s  a.re s m a l l  enough t h a t  we  may w r i t e  
-> 
such t h a t  -JoBex i s  e q u a l  everywhere t o  t h e  p r e s s u r e  g r a d i e n t  r e q u i r e d  t o  b a l a n c e  
t h e  a r c .  Then, w i t h  




where j = , J ' / Jo  and J, = Jl i n  Eq.  ( 10 ) .  I n  Eq. ( 8 )  t h e  f i rs t  and l a s t  t e r m s  
on t h e  r i g h t  v a n i s h ,  s i n c e  K i s  p r o p o r t i o n a l  t o  t h e  square  o f  t h e  Mach number. 
The c h a r a c t e r i s t i c  v e l o c i t y ,  d e f i n e d  i n  Eq. (11) f o r  t h e  complete a r c ,  i s  now 
d e f i n e d  a s  t h e  p e r t u r b a t i o n  v e l o c i t y  
To be  c o n s i s t e n t  Tl becomes Ti = Tmax, -To and t h e  r a t i o  of t h e  joule h e a t i n g  
r a t e  ?f a r e p r e s e n t a t i v e  element  t o  i t s  h e a t  d i f f u s i o n  r a t e s  i s  (Eq.  ( 8 ) )  
W i t h  k = 2 Btu/hr  f t o R  a t  7@00"K,7 and assuming Ti = 100"K, E = 400 v o l t s / f t ,  
I = 200 amps t h e  above r a t i o  i s  about  lo3.  We t h e r e f o r e  may n e g l e c t  a l l  b u t  
t h e  convec t ion  and j o u l e  h e a t i n g  te rms  i n  Eq. (8) a p p l i e d  t o  t h e  a r c  c o r e .  
The v a l u e  of U1 g i v e n  by Eq. (17) w i l l  be  s m a l l ,  p a r t i c u l a r l y  a t  h i g h  
Grashof numbers. Under t h e s e  c i rcumstances  we may n e g l e c t  t h e  c o n v e c t i o n  
terms i n  Eq. (16) and Eqs.  (1)-(3) become i n  t h e  core  r e g i o n  
= EJ dO ' 
d t  
.- 
a V  E &I 
ax hY P 
+ - = -  -
The c o n d i t i o n s  t o  be met a r e  t h a t  t h e  magnet ic  p r e s s u r e  must e q u a l  t h e  f l u i d  
p r e s s u r e  a t  every p o i n t  on t h e  a r c  bovndary.  It would be n e c e s s a r y  t o  p o s t u l a t e  
a source  s t r e n g t h  and d i s t r i b u t i o n  in E q .  (22 )  and determine a d i s t r i b u t i o n  of 
J and J' s u c h  t h a t  a s t e a d y  f l o w  s a , t i s f i e s  t h e  p r e s s u r e  c o n d i t i o n  a t  t h e  boundary 
for one o f  a f a m i l y  of predetermined c r o s s - s e c t i o n  s h a p e s .  E x t e n s i v e  machine 
computat,ion a p p e a r s  i n e v i t a b l e .  
8 
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7. THE BOUNDARY LAYER 
F i g u r e  5 i l . l u s t r a t e s  t h e  p h y s i c a l  p rocess  b y  which a momentum boundary 
l a y e r  i s  e s t a b l j ~ s h e d .  The p r e s s u r e  g r a d i e n t  i n  t h e  f low a l o n g  t h e  su r face  is 
oppased by a component of  t h e  Lorentz  f o r c e  a c t i n g  on a n  e lement  of t h e  plasma 
a t  t h e  a r c  boundary.  Thus a momentum g r a d i e n t  deve lops  throughout  t h e  l a y e r  
w i t h i n  which t h e  c u r r e n t  d e n s i t y  d e c r e a s e s  from t h e  va lue  r e p r e s e n t a t i v e  of 
t h e  a r c  co re  t o  s u b s t a n t i a l l y  z e r o .  The f o l l o w i n g  example i n d i c a t e s  t h a t  t h e  
r e d u c t i o n  i n  momentum a-t t h e  boundary w i l l  be cons ide rab le :  A t  Mach 5.5, a 
s ta .gna t ion  p r e s s u r e  o f  one atmospheres ,  a n  a r c  c u r r e n t  of 300 Amperes, and a 
magnetic f ' i e l d  of 1540 Gauss, t h e  dimensions of' t h e  luminous p o r t i o n  of  t h e  
a r c  a r e  0.032 x 0.023 f t ;  assuming t h a t  t h e  e l e c t r i c  c u r r e n t  d e n s i t y  w i t h i n  
t h e  luminous p o r t i o n  of t h e  a r c  i s  c o n s t a n t ,  J = 5.2 x lo5 Amps/ft , and t h e  
mum p r e s s u r e  g r a d i e n t  i n  t h e  plane normal t o  t h e  s l a n t e d  a r c  (Mach number f o r  
t h e  ve loc i . t y  component normal t o  a r c  i s  approximate ly  u n i t y )  for a c i r c u l a r  
c y l i n d e r  of t h e  same a r e a  a s  t h e  arc.'.' T h i s  maximum g r a d i e n t  i s  6 . 1  x lo3 
l b s / f t j ;  it occur s  a t  65" from t h e  s t a g n a t i o n  p o i n t .  Thus t h e  camponent o f  
t h e  Lorentz  f a r c e  opposing t h e  p r e s s u r e  g r a d i e n t  i s  about  0.9 x 5 . 5  x I O 3  = 
5.0 x I O 3  I b s / f t j .  
b u t  t h e  f a c t  t h a t  t h e y  a r e  n o t  s i g n i f i c a n t l y  d i f f e r e n t  i n d i c a t e s  t h a t  a n  
element  of a r c  plasma a t  t h e  boundary w i l l  be n e a r l y  i n  e q u i l i b r i u m  and t h e r e -  
f o r e  t h a t  t h e  momentum of t h e  plasma a t  t h e  a r c  boundary is s m a l l  compared 
w i t h  t h a t  o f  t h e  f r e e  s t r eam.  
2 
Lorentz  f 'orce i s  5.3  x lo3 I b s / f t  3 . We now compare t h i s  f o r c e  w i t h  t h e  maxi- 
A c l o s e  comparison of t h e  above numbers i s  no t  meaningful 
The r a t i o  between t h e  densi . ty  i n  t h e  core  and t h a t  i n  t h e  f r e e  s t r eam i s  
about  0.01. Thus a small n e t  f o r c e  on t h e  plasma e lement  would cause h igh  
a c c e l e r a t i o n s  n e a r  t h e  a r c  boundary.  For  t h i s  r e a s o n  i n s t e a d  of a v e l o c i t y  
boundary l a y e r  w e  must d i r e c t  mr c o n s i d e r a t i o n  t o  t h e  momentum l a y e r .  
Cons ide r ing  t h a t  v i r t u a l l y  t h e  e n t i r e  changes i n  t h e  p r 0 p e r t i . e ~  t a k e  
p lace  w i t h i n  t h e  boundary l a y e r ,  s i m p l i f i c a t i o n s  of t h e  c o n s e r v a t i o n  e q u a t i o n s  
a p p l i c a b l e  throughout  t h e  l a y e r  do no t  a p s e a r  f e a s i b l e .  With t h e  o r d i n a r y  
boundary l a y e r  approximations E q s .  (I) and ( 2 )  become 
9 
w:tk b o m d a r y  c o n d i t i o n s :  
a t  n = O : u s -  - uo , vs = vo , T =To 
a t  n = m : u s =  u, , T = T, 
The boundary c o n d i t i o n s  a t  n = 0, a s  w e l l  a s  t h e  shape of  t h e  boundary c o r -  
responding  t o  n = 0, must be  g iven  by t h e  s o l u t i o n s  i n  t h e  core  d e s c r i b e d  by 
t h e  sol i l t ' ion o f  t h e  e q u a t i o n s  d e s c r i b e d  i n  s e c t i o n  6 .  
8. MEASURED PROPERTIES 
Measurements of t h e  a r c  dimensions were made r e l a t i v e l y  e a s y  by t h e  f a c t  
Lhat t h e  a r c  b m n d a r y  a t  l e a s t  over t h e  ups t ream p o r t i o n  i s  q u i t e  d i s t i n c t  a s  
shown on h i g h  speed motion p i c t u r e s .  T h i s  c i rcumstance  s u p p o r t s  t h e  p r e d i c t i o n  
gi.ven he re  t h a t  a t h i n  boundary l a y e r  e x i s t s  t h rough  which t h e  t r a n s f e r  t a k e s  
p l  a ee . 
F i g u r e  6 shows some a r c  dimensions a t  Mach 3 . 5 ,  a tmospher ic  s t a g n a t i o n  p r e s -  
s u r e .  The dimensions were measured by means of simul.taneous photographs of a 
head-on view and a view of t h e  a r c  r e f l e c t e d  a t  t h e  t u n n e l  w a l l .  The r a t i o  of 
df t,he f r o n t  view t o  ds t h e  sj.de view i s  about  1 .3  o v e r  :he range  of 
a r e  c u r r e n t s  from 130 t o  500 amperes .  
The cal.zul.ated val.ues of  c u r r e n t  d e n s i t y  a r e  based  on t h e  assumptions t h a t  
t h e  luminous p o r t i o n  r e p r e s e n t s  t h e  co re  of  r e l a t i v e l y  c o n s t a n t  p r o p e r t i e s  and 
t h a t  ?,he c r o s s - s e c t i o n  a s  e l l . i p t i ca ; .  The v o l t a g e  d rop  a long  t h e  column was 
neasu red  a t  two gaps  and v a r i e d  from 70 t o  30 v o l t s  pe r  i n c h .  Then t h e  t e m -  
perat .ure range h d i c a t e d  by t h e s e  va?.ues i s  from 6200 t o  78GO"K.  
Values  of t h e  normal f o r c e  c o e f f i c i e n t  versw Reyno1.d~ number for t h e  com- 
ponent. normal t o  t h e  a r c  a r e  shown f o r  two Mach numbers i n  F i g .  7 .  The v a l u e s  
show considera'b1.e o a r i a t i ~ o n  w i t h  Mach number b u t  t.he v a l u e s  a r e  i n  t h e  range  
for so l . i d  c i r c u l . a r  c y l i n d e r s  a t  Mach numbers around o n e .  11 
9. CONCLUSIONS 
On t h e  b a s i s  of h igh  speed motion p i c t u r e s  we conclude t h a t  a m a g n e t i c a l l y  
ba lanced  s t e a d y  a r c  s i m u l a t e s  a solid body i n  a gas  f l o w .  
Assuming t h a t  t h e  a r c  s i m u l a t e s  a s o l i d  c y l i n d e r  of  un i form c r o s s - s e c t i o n  
w i t h  a x i a l  f low a two-dimensional mcdel i s  proposed.  The model, a p p l i c a b l e  a t  
10 
c. .. " 
h igh  rnodi.€ikd Groshof numbers, comprises  a n  i n n e r  co re  of n e a r l y  c o n s t a n t  pro-  
p e r t i e s ,  and  a boundary i a y e r  c i r c u l a t i o n  w i t h i n  t h e  core  c a r r i e s  t h e  h e a t  t o  
the edge of t h e  boundary l a y e r ,  whi.ch t h e n  t r a n s f e r s  it t h r o u g h  conduct ion  t o  
t h e  e x t e r n a l  f l o w .  
11 
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Figure  1. R e l a t i v e  o r i e n t a t i o n  of t h e  v e l o c i t y ,  magnetic,  and e l e c t r i c  f i e l d s .  
F igu re  2 .  F i lm  sequence showing p a r t i c l e  moving from anode t o  ca thode .  Mach 
number 2 .5 .  F i lm speed about  3000 exposures  per  second.  
c 
EiQure  3 .  Q u a l i t a t i v e  model of ba lanced  a r c .  
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Figure  4. 
0 9< p+< 20" Hg 
130<I< 700A. 
0 20< p+< 29"Hg 
120<I< 500A 
3 
Figure  5 .  Boundary l a y e r  fo rma t ion .  
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vei'sus the normal Reynolds number based upon f r e e  p r o p e r t i e s .  
Normal fo rce  c o e f f i c i e n t  r e fe r r ed  t o  t h e  normal vel-oci ty  component 
